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Background 

Amongst the many advanced imaging modalities in use today, MEG and EEG stand out as 

the ones that can potentially provide the most comprehensive description of macroscopic 

brain activity, at the level of cytoarchitectonic areas of the cortex. However, there are 

differences of opinion about the nature and detail of the information that MEG and EEG can 

exactly provide, even amongst MEG and EEG researchers. One goal of this workshop is to 

create a forum where apparently opposing views can be discussed openly so that some 

consensus can be reached that would allow the field to move confidently forward. Inevitably, 

such an enterprise demands the use of mathematics to demonstrate crucial points in a rigorous 

manner. Lecturers in the workshop have not been discouraged to use mathematical formulae, 

if they think it is necessary. They have been encouraged to explain the basic concepts with 

words and diagrams so the main ideas can be grasped both by experts with high proficiency 

in mathematics and by people with modest mathematical background.  

 

The set of notes in these pages was prepared with two objectives in mind. The first objective 

was to set the scene by defining what the areas of general agreement are and where opinion 

differs. This first objective will occupy the next section. Using simple language without 

mathematical formulae the broad area of consensus will be defined delineating differing 

opinions, by contrasting two extreme views about localization capabilities of MEG and/or 

EEG. The second objective, making up the penultimate section, was to gather some essential 

formulae together and to describe their significance. The final section returns to a discussion 

of the contentious areas drawing on the mathematical formulation of the earlier section to 

give a more formal representation of how differences in opinion translate into differences in 

computations. 

 

Agreement and disagreement 

 

It is agreed by all that with the fast sampling, routinely available today, the timing of macro-

events and processes in the brain can be imprinted into the MEG and or EEG signal all 

around the head with fidelity of a fraction of a millisecond (Hamalainen etal., 1993). In the 

case of MEG particularly, different generators can be distinguished by their distinct 

signatures at the signal level, especially ones that are superficial and/or well separated  

(Ioannides 2006). It is established that at the theoretical level, the physics of the problem does 

not allow the generators of the MEG and EEG to be identified uniquely, even from a 



complete and perfectly accurate set of measurements of the electrical potential on the scalp 

and the magnetic field everywhere in space outside the head (Helmholtz, 1853). Furthermore, 

it is also agreed by everyone that a unique solution can be extracted from MEG and/or EEG 

data once constraints are imposed, either at the theoretical level (e.g. mathematical form of 

the unknown current density) or from anatomical and other information (e.g. confining the 

generators to the cortical mantle with directions along the local norm to the cortical surface). 

It is also agreed by all that different choices would produce different estimates for the 

unknown sources.  For a long time now the politically correct statement to make was that 

every method has merits. It was even advocated that different methods should be tried to 

somehow decide on the best solution. This approach has done the field no good, because it 

only betrays uncertainty and lack of confidence in the technology. Obviously there is little 

use for a technique if the results depend critically on model assumptions and/or on arbitrary 

choices of parameters and constraints. Leaving theoretical niceties aside, what needs to be 

resolved is whether or not the generators of the MEG and EEG signals can be identified with 

only minimal a priori assumptions. If such localization is possible then what assumptions are 

most appropriate in general, and in specific situations? It is therefore important for the 

community to come to some understanding about what is actually feasible and which, if any 

of the many methods proposed so far, can provide reliable information about the generators. 

The current impasse is reminiscent of discussions in the 1980’s about the merits of point-like 

versus distributed source models. The resistance of the field to move on from the clearly 

inadequate current dipole model was rooted in the history of the field (Ioannides 1994). The 

recent successes of distributed source models have resolved this part of the debate. Today’s 

differences in opinion can be highlighted by contrasting two very different views about how 

well MEG and possibly EEG can localize the generators.   

 

On one side it has been claimed that magnetic field tomography (MFT) (Ioannides et al, 

1990) has optimal properties for tomographic analysis thanks to the specific form of a priori 

ansatz for the form of the current density which leads to a different non-linear problem to be 

solved for each separate sample of data (Taylor et al., 1999). The claim is that the enormous 

cost of solving a non-linear inverse problem in every timeslice is fully compensated because 

it is the way to mine the information in the data most effectively, and in a way that cannot be 

achieved by linear models (Ioannides, 2006, 2007). Support for this view has been 

accumulated in the last few years from experiments (Moradi et al., 2003, Poghosyan and 

Ioannides 2007) and phantom data (Papadelis et al., 2009). 

 

In the opposite extreme it is claimed that the roots of non-uniqueness are so deep that they 

make it impossible to extract reliable information unless severe constraints are imposed. 

Imposing the constraint that the currents are confined to the cortical mantle and directed 

perpendicular to the cortex has been increasingly used and some important results have been 

obtained in this way (Dale etal., 2000). It has also been argued that all methods are basically 

equivalent, given the uncertainties associated with non-uniqueness, and hence the prudent 

way forward is to use the simplest models like minimum norm (Hauk 2004), or as stated more 

recently “unless a priori information is found that cannot be incorporated within linear 



inverse solutions, we see no good reason to replace the comfortable linear framework with its 

inherent computational and interpretational simplicity” (Grave de Peralta et al., 2009).  

 

It can be argued that if the second view is valid then MEG and/or EEG will at best maintain 

the Cinderella status they enjoy with clinicians today. If however the first view is correct, 

then one can envisage non-invasive clinical examinations with the ability to distinguish the 

contribution of distinct cytoarchitectonic areas to stages of processing, that typically last 20-

30 milliseconds (Tovee etal., 1993), and to follow the transitions from one such area to 

another, which can be as short as a few milliseconds (Ioannides 2007). The resolution of 

these two views is not therefore just an academic exercise in the mathematics of the inverse 

problem, but a matter of the upmost practical importance for clinical applications. To put is 

succinctly: the combination of a spatial resolution of a few millimeters and the sub-

millisecond temporal resolution in a non-invasive technique of brain function can 

revolutionize medicine.  

 

Basic Mathematics and Physics principles of EEG and MEG analysis 

 

The EEG and MEG are two complementary measurements of the electromagnetic field 

changes just outside the head produced by the same electrical activity inside the brain. 

Estimates of how many neurons are needed to generate a detectable MEG signal vary, 

depending on what assumptions are made about the underlying generation mechanism 

(Hamalainen et.al 1993; Ioannides et.al 2005), but it is agreed by all that any measurable 

EEG or MEG signal is the result of coherent electrical activity of a large number of neurons 

that are arranged in a similar way in space and are activated in near synchrony. The presence 

of electric current in animal tissue was demonstrated as early as 1786 by Luigi Galvani in the 

frog. Experiments over the next 150 years lead to the definition of the fundamental quantities 

as fields that propagate throughout space and their sources: The electric field, E , generated 

by the charge density   and the magnetic field B generated by the movement of charge, 

described by the current density J . The Scottish physicist James Clerk Maxwell in 1831 

proposed a system of four partial differential equations that summarized the different 

relationships that other giants of Physics have put together at the time. Specifically, these 

equations are the Faraday’s equation, the Ampere’s circuital law with Maxwell’s correction, 

Gauss’s law and Gauss’s law for magnetism  
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where 0  is the permitivity of free space and 0  is the magnetic permeability. These 

equations are nothing more than simple local definitions of how the fundamental physical 

quantities ( E  and B ) are generated by the rate of change of each other and the presence of 

charge density   and current density J . The time derivatives show that a changes in the 

electric field produces a magentic field and vice versa. The equations above can be combined 

into a single wave equation, describing the propagation of electric and magnetic fields.  The 

astonishing discovery was that the speed of propagation of these waves is that of light. One 

implication is then that light itself is just such an electromagnetic wave, confined to a narrow 

range of frequencies and another that there is a whole range of other waves at higher and 

lower frequencies that modern technology is exploiting. 

These well-established laws describe the electromagnetic phenomena in the brain and their 

correlates that one can measure outside the head, namely the EEG and MEG signal. As we 

have described these waves propagate from the (neuronal source) generator site with the 

speed of light. Since the sensors are just some centimeters away, for all practical purposes the 

effect is immediate: a change in the source electrical activity in the brain produces an 

immediate change in the MEG and EEG signal. This is in sharp contrast with other 

neuroimaging methods like positron emission tomography (PET) and functional magnetic 

resonance imaging (fMRI) that rely on changes in blood flow or content (e.g. radioactive 

labeling or oxygenation) and therefore produce indirect correlates of neuronal activity with 

delays that are at best a good fraction of a second in the case of fMRI and minutes in the case 

of PET. 

The fast propagation of the MEG and EEG signal is that we need not consider the delay 

between generation and reception of the MEG and EEG signal. This is related to the belief  

that the range of frequencies of biological currents is sufficiently low to justify using the 

quasi-static approximation, which means ignoring the terms with time derivatives in 



Maxwell’s equations. In this, the quasistatic limit, Maxwell’s equations take the simpler 

form: 
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If the current density is confined to a finite volume, V, then the electric potential,  u(r), and 

the magnetic field, B(r), outside this volume can be expressed as integrals over the volume, 

V, 
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The current density, J, represents the total current flowing in the volume, V, so it is 

sometimes denoted by Jt,. The full current density, 𝑱𝑡 𝒓 , can be divided into two parts: the 

primary current,  𝑱𝑝 𝒓  and the volume current, 𝑱𝑣 𝒓 : 

 

𝑱 𝒓 = 𝑱𝒕 𝒓 =  𝑱𝑝 𝒓 +  𝑱𝑣 𝒓  

 (4) 

 

The primary current,  𝑱𝑝 𝒓 , is the effective source because it is the generator of the electric 

field E, which in turn drives the “passive” volume currents according to the conductivity 

distribution, σ 𝒓  of the medium in V, 

 

𝑱𝑣 𝒓 =  σ 𝒓 𝑬 𝒓  

(5) 

 

It is important to stress that the separation into primary and volume currents is scale-

dependent; it depends on the detail that can be resolved by our measurements and the 

definition of primary and volume currents must therefore refer to the spatial details of that 

scale. At the spatial scale of micrometers where the neuronal structure is relevant, the role of 

primary currents is played by active processes driving ions in and out of cells and diffusion-

like processes allowing differential passage of some ions through channels on the cell 

membrane. These currents are also referred to as impressed currents. At this microscopic 

scale the volume currents are the “passive” flows of current inside and outside the neurons 

that complete the circuit. Neither the MEG nor the EEG signal is sensitive enough for the 



microscopic description given above. These macromeasures are at best sensitive to structures 

with spatial scale of a millimeter. At this scale the geometry of individual neurons averages 

out, and what counts are the primarily microscopic volume currents in the similarly arranged 

cells. The large pyramidal neurons in cortical areas are symmetrically arranged and the total 

electrical activity in such areas is a prototypical example of macroscopic primary currents. 

Simultaneous action potentials in bundles of axons in white matter may also be responsible 

for the generation of ME signals at higher frequencies. 

 

  Putting all these together and after some further manipulations we can finally write, 
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The i
th

 MEG measurement, mi involves an integral of the magnetic field over one or more 

coils, and the j
th

 EEG measurement, Vj the difference between the line integrals of the 

potential of two electrodes. After some further manipulations and introducing whatever 

model information we have about the conductivity distribution and the design properties of 

the measuring devices (coils and electrodes) we can write our measurements in terms of 

volume integrals of the primary current density and what are known as the lead fields: 

𝑚𝑖 =   𝑱𝑝 𝒓′ .Φ𝑖
𝑀 𝒓′ 

𝑽

 𝑑𝑣(𝒓′) 

and 

𝑉𝑗 =   𝑱𝑝 𝒓′ .Φ𝑖
𝐸 𝒓′ 

𝑽

 𝑑𝑣(𝒓′) 

 

In this powerful formulation the relationship between the measurements and the primary 

currents are specified in terms of the electric, Φ𝑖
𝐸 𝒓′ ,   and magnetic, Φ𝑖

𝑀 𝒓′ , lead fields. 

These functions contain all details about the medium and measuring devices. Since the 

physical properties of the head are not likely to change, the lead fields need to be computed 

only once for each measurement set, provided neither the measuring devices nor their 

placement relative to the head have changed. The lead field theory was first used by 

cardiologists in 1945, for the proper choice of electrodes. The details of the underlying 

physics and mathematics was first described by Plonsey in 1961, see also (Tripp, 1982) for a 

didactic description of the relationship between the mathematical formulation and the 

underlying concepts.  

 



In an obvious generalization of notation we will refer to hereafter to the k
th

  EEG or MEG 

measurement as  

𝑑𝑘 =   𝑱𝑝 𝒓′ .Φ𝑘  𝒓′ 

𝑽

 𝑑𝑣(𝒓′) 

 

 

The Forward and Inverse Problems 

 

The determination of the EEG and MEG signal from the knowledge of the sources, the 

electrical properties of their biological environment and the configuration of the measuring 

devices is known as the forward problem. The estimation of generator strength, location and 

timecourse from the EEG and MEG signal and the knowledge of electrical properties of their 

biological environment and the configuration of the measuring devices is known as the 

inverse problem. The laws of electromagnetism described above define what can be asked of 

the data and how the forward and inverse problems should be tackled, in particular what a 

priori assumptions can be made about the generators.   

 

The forward problem is linear as a direct consequence of the linearity of the laws of 

electromagnetism. This is immediately obvious in the lead field formulation. If the primary 

current density is composed on N terms, then each measurement can be decomposed into a 

sum of N terms each representing the part of the measurement generated by an individual 

source element: 

Let,  𝑱𝑝 𝒓 =   𝑱𝑙
𝑝(𝒓)𝑙=𝑁

𝑙=1 , then 
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Where, 
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In other words the electric and magnetic field generated by any combination of instantaneous 

current elements is simply the sum of individual contributions from each element. In the case 



of continuous primary current density, the instantaneous electric and magnetic field can be 

computed by integrating the contributions from each small volume element in the source 

space. In the case of a spherical model the source space for MEG includes only regions where 

neurons and possibly white matter exists, any intervening regions and boundaries are not part 

of the source space as long as they do not generate primary currents.  

In contrast to the forward problem, the inverse problem has no unique solution, a 

mathematical fact that was already demonstrated over 150 years. Simply stated, it is 

impossible to reconstruct uniquely the electrical current density inside the head from MEG 

and/or EEG measurements. Even if we knew exactly the electrical potential on the surface of 

the head and the magnetic field everywhere outside the head we would still be unable to 

determine the currents inside the head. In practice, non-uniqueness is much less of a problem 

than would appear from the dry mathematical statements. By definition silent sources cannot 

be recovered and noise and sparse sensor coverage further limit what can be reliably 

extracted about the non-silent part of the current density vector. Nevertheless what is often 

required of the data is to provide reliable estimates about which areas of the brain were 

preferentially activated by some stimuli or tasks and when. This limited objective is often 

satisfied with estimates of the timecourse of the non-silent part of the source configuration.  

The key question in practice is how accurately and reliably one can recover the non-silent 

part of the primary current density.  

 

A unique solution of the biomagnetic inverse problem can be obtained by introducing 

constraints for the form of the generators. Two types of constraints are particularly popular. 

The first assumes that the generators are one or more point-like sources, or current dipoles. 

Dipole source localization solutions are often interpreted as representatives for their 



neighborhood and are referred to as equivalent current dipoles (ECD). The second family of 

popular source localization methods assumes that the continuous current density can be 

written as a linear sum of (weighted) functions, each defining the sensitivity profile, or lead 

fields, of the sensors. These methods, known as minimum norm (MN) or weighted minimum 

norm (wMN) solutions, are popular because they lead to a linear system of equations which 

allows standard pseudoinverse techniques to define the inverse operator that can then be 

applied directly to the data. Theoretical scrutiny of the mathematical foundation of the 

inverse problem shows that neither current dipoles nor linear solutions are adequate.  

Minimum norm is not appropriate for tomographic localization for a rather subtle reason; 

although the forward problem is linear, the optimal algorithm for tackling the inverse 

problem cannot be linear. The laws of electromagnetism provide no justification for 

expressing the full primary current density vector as a weighted sum of lead fields, only the 

direction of the primary current density can be so represented and this leads inevitably to a 

non-linear relationship between the measurements and the distribution of generators. This 

conclusion was reached first on the basis of simulation studies leading to the standard form of 

magnetic field tomography (MFT).  The basic assumption of MFT is that a linear expansion 

in terms of lead fields can represent only the direction of the current density. This is as much 

as can be deduced from the underlying physics for fixed detectors and conductivity profile. 

The strength of the current density must be determined more explicitly from the MEG signal 

itself.  Specifically, the full current density must be obtained from a highly non-linear system 

of equations for each snapshot of data. It is precisely because linearity is lost, that a direct 

appeal to the data must be made on every timeslice of the data and a new non-linear system 

of equations must be solved each time. In this sense MFT draws on all available information 

in the MEG signal. The advantage of the form of non-linearity introduced by MFT is the 

ability to recover activity that can be either spatially sharp or distributed, thus leading to 



tomographic description of the generators with practically no a priori assumptions. However, 

non-linearity comes with a heavy computational cost, but a rather affordable penalty today 

thanks to modern computers. 

 

To appreciate the subtle difference between various inverse problem approaches it is 

necessary to consider in detail how the lead fields can be used to construct estimates of the 

unknown current density vector. The similar nature of different linear methods, e.g. of MN 

and wMN and  LORETTA, and how they differ from other non-linear methods like MFT and 

FOCUSS can be best demonstrated by expressing the unknown current density as a series 

expansion of lead fields with different orders in the series modulated by the modulus of the 

current density raised to some power, as described in detail elsewhere (Taylor etal., 1999). 
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